We provide and study complete sets of one-loop renormalization group equations of several Finkel'stein non-linear σ models, the effective field theories describing the diffusive quantum fluctuations in correlated disordered systems. We consider different cases according to the presence of certain symmetries induced by the original random Hamiltonians, and we show that, for interacting systems, the Cartan's classification of symmetry classes is not enough to uniquely determine their scaling behaviors.
parameters acquires a scale dependence and, together with the conductance, form a full set of couplings of the socalled Finkel'stein non-linear σ-model, which flow under the action of the renormalization group (RG). In this paper we will, therefore, present several sets of one-loop β-functions for all the couplings appearing in interacting non-linear σ-models corresponding to different correlated random Hamiltonians.
MODEL
We will consider the following Hamiltonian on a two-dimensional square lattice made by free and interacting terms
The first term is the single particle Hamiltonian, defined by
iσ c iσ ) or next-nearest neighbor hopping is included, which break chiral symmetry everywhere in the spectrum. For this reason while dealing with a bipartite lattice that induces an higher degree of symmetry we can reduce the problem to the standard case only by introducing an on-site term in the Hamiltonian, thus spoiling chiral symmetry. The last term in Eq. (2), instead, breaks the spin rotational symmetry, by a Zeeman term (with a uniform magnetic field b i = b = 0) or in the presence of nonuniform field, as in the case of magnetic impurities.
We now analyze the disordered Hamiltonian (2) by using the replica trick method within the path integral formalism [13] . We introduce the vector Grassmann variables c i andc i with components c i,σ,n,a andc i,σ,n,a , where i refers to a lattice site, σ to the spin, n is the frequency index and a = 1, . . . , n is the replica index, as well as the Nambu spinors
with the charge conjugation matrix C = iσ y τ 1 . Here and in the following, the Pauli matrices σ b (b = x, y, z) act on the spin components, and τ b (b = 1, 2, 3) on the Nambu componentsc and c. The action corresponding to (2) is
where the source termΨ iω Ψ i is introduced in order to reproduce positive and negative frequency propagators [13] , whereω is a digonal matrix in frequency space. If magnetic impurities are present, one has to consider the additional spin-flip scattering term iΨ i τ 3 b i · σΨ i . The same term gives the Zeeman splitting in the presence of a uniform magnetic field b i = b. If an on-site term is present or if we are far from half filling, we have i µ iΨi Ψ i , which spoils chiral symmetry, both for µ i a random variable or µ i = µ = 0 constant, respectively. Following the standard procedure, one integrate over the disorder obtaining an action which is quartic in the fermonic fields. By Hubbard-Stratonovich transformation one can decouple this term, introducing an auxiliary field Q. In this way one can integrate over the fermions getting an action which depends only on Q. The main contribution to the corresponding partition function is the solution of the saddle-point equation. Expanding around that vacuum state we get an effective theory describing the transverse charge fluctuations which has the form of a non-linear σ-model.
On top of what briefly described so far we can consider also the presence of two-particle interactions, as originally done by Finkel'stein. We therefore include an interaction term to the action which, generally, can be written as follows
However it is more advantageous and transparent rewriting this term in Matsubara frequency and momentum spaces, splitting it into contributions from different phase-space regions,
where the term proportional to Γ 0 s and Γ 0 t are the singlet and triplet particle-hole interaction channels, describing small frequency-momentum transfer between a particle and a hole. The term proportional to Γ 0 c is the particle-particle interaction channel or Cooper channel, and describes small frequency-momentum transfer between two particles or two holes. The interaction amplitudes Γ 0 s,t,c couple to the smooth local charge fluctuations while Γ 3 s,t,c to the staggered ones. In the presence of nesting property induced by the chiral symmetry, the staggered fluctuations become diffusive, therefore particle interactions with q π = (±π, ±π) momentum transfer must be included in the effective action [5] .
FINKEL'STEIN NON-LINEAR σ-MODEL
In this section we will present directly the final effective action provided by the quantum field theory approach to the problem of impurities and interactions, referring to Refs. [3, 5, 13, 15, 16] for more datails. The effective low-energy model which describe transverse charge fluctuations, derived in analogy with the original Finkel'stein model [3] , is, then, the following [5] 
where S 0 [Q] is the non-interacting part
and S I [Q] the contribution from e-e interactions
The symbol in Eq. (9) means an integral over real space, dR, and a sum over smooth (α = 0) and staggered (α = 3) modes, n r replicas and Matsubara frequencies, i.e.
≡ dR α=0,3 r ,n,p , where r is the replica index and , n, p are Matsubara indices. The matrix field Q is constrained by the condition QQ † = I. The coupling σ corresponds to the Kubo formula for the charge conductivity at the Born level; ν is the density of states at the Fermi energy at the Born approximation; Γ [14, 15] or to the interaction parameters of a bipartite Hubbard-like model [6] , for smooth (Γ 0 ), and staggered sublattice (Γ 3 ) components, in the particle-hole singlet, particle-hole triplet and particle-particle Cooper channels, respectively; z is a renormalization constant;ω is a diagonal matrix made of Matsubara frequencies. The last term in Eq. (8) is the anomalous additional term which is present only if the sublattice symmetry is preserved [4] and the coupling Π is related to the staggered density of states fluctuations [16] , associated with quenched orientational fluctuations of bond strength dimerization [6] . τ 1 , τ 2 , τ 3 are Pauli matrices in particle-hole space; σ x , σ y , σ z are Pauli matrices in spin space; ρ 3 is the third Pauli matrix in the sublattice space; τ 0 , σ 0 , ρ 0 are identity matrices in the corresponding spaces. The trace "Tr" is made over all spaces (particle-hole, spin, sublattice, replica and Matsubara spaces), while the trace "tr" is over particle-hole, spin and sublattice spaces. The action in Eqs. (7)- (9) is tailored to describe two-sublattice models, namely when sublattice symmetry is preserved and staggered modes are massless. When the sublattice symmetry is broken, staggered modes become massive, then the last term in Eq. (8) and the terms in Eq. (9) with α = 3 should be put to zero (Π = Γ Table I ). If, instead, staggered modes are massless, those interacting terms are naturally generated by the RG flow. In order to get rid of the parameter z, it is usually convenient to define, together with the disorder parameters
the following interacting parameters, in the smooth interacting channels
and in the staggered onesγ , and their corresponding symmetry classes of these non-interacting random Hamiltonians according to the Cartan's classification, and where chiral sublattice symmetry, S, is preserved (µ = 0) or broken (µ = 0), or time reversal symmetry, T , holds (φ = 0) or not (φ = 0), and in the presence of spin rotational symmetry, SU(2), ( bi = 0, ∀i), which can be lowered by a Zeeman field ( bi = b, ∀i) or completely spoiled by a nonuniform magnetic field, as in the presence of magnetic impurities, ( bi = b). The number n for the coset spaces, means n = # of replicas × # of positive Matsubara frequencies.
PERTURBATIVE β-FUNCTIONS FOR DIFFERENT SYMMETRIES
We now consider the scaling behavior of our action, for all the cases listed in Table I , by means of the WilsonPolyakov renormalization group approach [17, 18] , introducing slow and fast modes
where U s,f are unitary transformations involving transverse massless fluctuations in the slow and fast energy sectors, andŨ
If sublattice symmetry is brokenŨ = U . Q sp is the saddle point solution. Introducing an ultraviolet energy cutoff Λ, we can integrate over the fast modes which are defined for energies < Λ/s, with s ≥ 1 the scaling factor (at finite temperature this scaling factor can be s = Λ/T ). The details of the calculation can be found in [5] and in the Appendix. The scaling behavior of the couplings of the interacting σ-models are described by the so-called β-functions, β g = dg/d , β Γ = dΓ/d , β γ = dγ/d , in the zero replica limit n r → 0, where = ln(s) is the scaling parameter. Perturbative β functions for (non-interacting) non-liner σ-models on all types of symmetric spaces were calculated long ago up to four-loop order [19, 20] . Here we present one-loop β functions for (interacting) Finkel'stein non-linear σ-models at all orders in the interacting parameters, except those which can lead to instabilities.
Case 1) class BDI, with S, T , SU (2) Let us first consider the case in which sublattice symmetry, time reversal symmetry and spin rotational invariance are preserved. In this case, which posseses the largest symmetry among the cases we shall be considering, the one-loop RG equations for the full set of coupligs (at all orders in the interaction parameters γ s , γ t ,γ c and to leading orders inγ s ,γ t , γ c ), at d = 2 + dimensions, are the following
For the sake of completeness we report the scaling equation for the density of states (DOS), which is
The scaling behavior of z, appearing in the second term of Eq. (8) can be obtained from Eq. (22) keeping only the linear terms in the interaction parameters since in the calculation for the renormalization of z it turns out that higher order terms cancel out exactly [5] . This observation for z is valid also for the other cases which follow. In this case
The equations above are symmetric under the transformation γ s =γ c ↔ −γ t andγ s = γ c ↔ −γ t . This symmetry property of the parameters can be obtained by particle-hole transformation of the original fermionic fields defined on the lattice, c i↑ → c i↑ , c i↓ → (−) i c † i↓ , which maps charge to spin and vice versa. As a result, by imposing
we can define a subspace of the full space of parameters, invariant under RG flow. For = 0 and in the limit of all γ → 0, Eq. (14) becomes dg/d = 0, namely, the resistance g is scale invariant. This non-interacting behavior is what is called the Gade-Wegner criticality [4, 21] , since it is valid at all loop orders. The last terms in Eqs. (17), (19) , and (20), those not coupled to g, are actually the terms which can drive the system to antiferromagnetic spin density wave (γ t ), charge density wave (γ s ), and s-wave superconductivity (γ c ) also in clean systems, obtained by ladder resummations. In the presence of interactions, and far from instabilities, the combined effects of disorder and interactions can drive the system towards an insulating Anderson-Mott phase, where the system is both in a strong disorder (maily the parameter Γ increases) and in a strong interacting regime [5] , as in the spinless case with broken time reversal symmetry [6] . In two dimensions a metallic phase is, then, supposed to be unstable towards AndersonMott phase, while should be stable in higher dimensions. These equations have been extensively studied [9] when we allow the system to undergo some instabilities (as for example, by using initial conditionsγ t > 0,γ s < 0, or γ c < 0). In this cases, unexpectedly, disorder can even promote such instabilities driving the system towards antiferromagnet, charge density or superconducting phases [9] .
Case 2) class AIII, with S and SU(2), without T If we breaks time reversal symmetry the complete one-loop β-functions are the following
Also in this case, for completeness, we report the β-functions for the DOS and z
These equations can be mapped to those for disordered d-wave superconductors in the presence of both chiral symmetry and time reversal invariance [5] , by the simple substitutions
This accidental equivalence is consistent with the fact that both systems belong to the same symmetry class. However, this is a coincidence since, generally, interacting systems which belong to the same symmetry classes can have different β-functions (see, for instance, cases 3) and 7) below). By numerically solving the RG equations for = 0, one can find that, before reaching the strong coupling regime for the resistance g, the system enter the antiferromagnetic phase whereγ t diverges. In Fig. 1 we can see that g first slightly decreases, mainly due to the effect of smooth spin fluctuations, but then increases again, anyway not fast enough for the staggered spin fluctuations which drive the system to a Néel state. If we now break not only the time reversal symmetry but also the spin rotational invariance, by applying, for instance, a external uniform magnetic field which induces a Zeeman splitting, then the β-functions become
and the scaling behavior of the DOS and z are ruled by the following equations
Notice that this case belongs to the same symmetry class of the integer quantum Hall effect (IQHE). In the presence of a topological θ-term in the action (see below), the system has a critical point in the strong coupling regime [22, 23] . However, in the presence of interactions, under renormalization group procedure, starting from weak coupling, the system preferably flows towards an antiferromagnetic order before exploring the strong (in g) coupling regime. This behavior is analogous to case 2) except from the fact that smooth spin fluctations here is much less effective due to the lowering of the SU(2) symmetry.
Case 4) class C, with S and T , magnetic impurities (SU(2) broken)
In the presence of magnetic impurities the spin-triplet modes become massive while the particle-particle Cooper interaction survives only in the staggered channel, so that we get
while the β functions of the DOS and z are given by
Solving the equations we find that the RG flow in the ultraviolet limit tend to the line defined by
at which the interactions become constant under rescaling, namely dγ s /d = dγ c /d = 0. The final values are generally given by γ s ( 1) γ c ( 1) ∼ 2γ c (0) − γ s (0). In the meantime g goes to strong coupling, if typically γ s ,γ c ≥ 0. Notice that in this case, by the transformation γ s =γ c → −γ t , one obtains the same equations for disordered d-wave superconductors with broken time reversal and chiral symmetries [5] . We find that, for = 0, there is a critical value for the couplings, γ s =γ c −0.37, for which dg/d = 0, at lowest order in g. One, then, should consider second loop corrections. However, there are initial values of γ s andγ c , also positive, for which, under RG flow, the scattering amplitudes become negative, producing in this way anti-localization effects which suppress the resistivity, as clearly shown in Fig. 2 for a particular choice of initial parameters. This means that the interacting system can behave quite differently from the non-interacting one, for which only a monotonic flow to strong coupling limit is expected. 
Case 5) class A, with S and nonuniform magnetic field (T , SU(2) broken)
In this case the RG equations are the same as in the last two cases, 9) and 10) reported below, where chiral symmetry S is broken. This means that in the presence of broken time reversal symmetry and magnetic impurities (or with a nonuniform magnetic field), local random scalar potentials are completely irrelevant also in the presence of interactions.
Case 6) class AI, without S, with T and SU (2) In the absence of chiral symmetry but in the presence of both time reversal symmetry and spin rotational invariance, the β functions were derived by Finkel'stein [3] for long-range (Coulomb) interaction. The full set of equations has been generalized also for short-range interaction [9] and are the following
For completeness we include also the β function for the DOS which is given by
The long-range interacting version can be obtainded in the limit γ s = 1 [3, 14] . Notice that in Eq. (49) and in Eq. (50) the long range limit, γ s → 1, is divergent. Actually in that limit the DOS has double-logarithmic corrections [3] which can be cured by replacing the running value for the resistance g. Similarly, it is argued that such divergence appears in the course of renormalization of γ c (from the term S , see Appendix), but only at intermediate steps [24] . This symmetry class, AI, has been studied at one-loop level to lowest orders in the interaction amplitudes [8] , extended to all orders in the interactions γ s and γ t [9] , in the present form, and completed to all orders also in the interaction γ c [24] , especially when the system is close to superconducting instability, finding that disorder can promote superconductivity until the system enters the Anderson insulating phase. In the absence of both chiral symmetry, as in the case of on-site disorder, and time reversal symmetry, but with preserved spin rotational invariance, the RG equations read
which describe the scaling behavior of the system, together with the β function of the DOS and the z parameter
The symmetries in this case are the standard ones expected for the emergence of the IQHE. Let us now analyse the scaling properities far from criticality but in the presence of interactions, described by the equations above. Interestingly, as clearly shown in Fig. 3 , under rescaling the system goes towards long-range Coulomb interaction which is given by fixing γ s = 1 [3, 14] . This value, here, is not fixed from the beginning but is reached under the RG flow. At the same time the resistance goes to zero under the effect of an increasing strength of the spin fluctuations. It is worth mentioning that in this case the parameter z is known up to second order [25] . If we now break the spin rotational symmetry by a Zeeman term, the equations become and the β functions of the DOS and z are given by
In this case, as shown in Fig. 4 , under RG, the system tends to evolve towards γ s = γ t . At that point the interactions do not evolve anymore while the β function of g, for γ s = γ t > 0, has a positive correction which allows the resistance to flow to strong coupling. It is important to remind that either in this case and in case 2) the renormalization of g is only due to interactions since in the non-interacting case the resistance is scale invariant, namely in the zero replica limit, dg/d has no corrections at any order [4, 12] .
Cases 9) and 10) class A, without S, with or without T , magnetic impurities (SU(2) broken)
In the presence of magnetic impurities and with broken chiral sublattice symmetry (as well as in case 5), namely in the presence of chiral symmetry and nonuniform magnetic field) the RG equations are the following
while the scaling behavior of the DOS and z are dictaded by
The solution of these equations is a transient since the scattering amplitude γ s > 0 flows to zero and the conductivity changes value only in the meanwhile, reaching a value which, for small interaction, is approximatelly given by
At the energy scale Λe −1/g0 , the resistance g would stop evolving, however the second loop correction [19, 26] then can contribute driving the system to strong coupling, like in the non interacting system. It is worthwile stressing that even if the symmetry class is the same, the three cases 3), 7) and 9) have different scaling behaviors: case 3) exhibits an antiferromagnetic order, case 7) flows to weak coupling and long-range interacting regime, while in cases 5), 9), 10) the interaction is purly marginal.
TOPOLOGICAL TERMS: STRONG COUPLING
For several classes, the non-linear σ-model action allows for inclusion of topological terms (θ terms, which do not appear at any order of the perturbation theory, or Wess-Zumino-Witten (WZW) terms), which lead to the emergence of criticality in the strong coupling regime (see for instace [21] ). This occurs, in d = 2, when the second homotopy group π 2 of the σ-model manifold M (π d is a group of homotopy classes of maps of the d-sphere S d into M) or the third homotopy group π 3 , are nontrivial (see Table II) . Table I ), for all symmetry classes and for different dimensions.
In particular, if π 3 (M) = Z, a WZW term may appear in σ-models (in d = 2 for the classes AIII, CI, and DIII),
where the integration is extended to the third dimension, such that Ω has as a boundary the real two dimensions. This term is the origin of the emergence of criticality at strong coupling limit (large g). Including this term the topological number k enters into the renormalization equations only for the disorder parameters g and Γ, as shown in [27] , so that, close to the critical point, Eqs. (26), (27) in case 2), for = 0, should be modified according to
where g k is the new running parameter for the resistance in the presence of the WZW term, while g is the resistance without WZW, whose RG flow is governed by Eq. (26) . Eq. (57), for case 8), should also be modified as in Eq. (68). There are, instead, five classes for which π 2 (M) is nontrivial, namely A, C, D, AII, and CII. In the latter cases, for those which has π 2 (M) = Z (for classes A, C, D), a topological θ-term may be included to the action,
where W [Q] is the winding number of the field configuration Q(R). One of the most well-known examples is the Pruisken σ-model for the integer quantum Hall effect [22] , which belongs to class A. For the remainig two classes, AII and CII, instead, π 2 (M) = Z 2 , for which θ can only take the values 0 and π.
As discussed in the previous Section, case 3) belongs to the same symmetry class A of the IQHE in the noninteracting limit. However, we saw that, starting from weak coupling, in the presence of interactions, before exploring the strong coupling regime, a Néel order is formed, contrary to cases 9) and 10), always in the same class of the IQHE, where instead interaction is not relevant. The field theory of class C in case 4) is analogous to Pruisken's theory of the IQHE, and is commoly known as spin quantum Hall effect (SQHE) [28] [29] [30] , since it occurs in superconductors with broken time reversal but preserved spin rotational invariance. We showed in this paper that such a symmetry class occurs also in the presence of chiral and time reversal symmetries, and breaking spin rotational invariance. This class allows for the presence of a topological θ-term and, consequently, exhibits a critical point at θ = (2n + 1) [30, 31] such that the corresponding flow diagram is expected to have qualitatively the same form of the IQHE. This should be valid also in the interacting case since the interaction in that case is generally a marginal operator. However, for some sets of initial scattering amplitudes, the strong coupling is hardly reached or completely avoided.
CONCLUSIONS
This paper has the aim of being a compendium of β functions of several Finkel'stein non-linear σ-models derived from the simplest choices of interacting random Hamiltonians. We consider ten different cases according to the symmetry properties of the original disordered fermionic models and derive the corresponding σ-models. We show that in many cases the presence of the interactions modifies qualitatively and quantitatively the scaling behavior of the couplings involved in the field theories, which are the disorder parameters (the resistance g, and the parameter Γ, associated with staggered density fluctuations) and the scattering amplitudes γ's. For each case the phase diagram can be very rich, specially in the presence of chiral symmetry which allows for the emergence of a magnetic order, and, depending on the choice of the strength of the interactions at high energy scale, the system can or cannot flow to localization insulating regime. In general terms, we show that the Cartan's classification of the symmetry classes is not enough to uniquely determine the scaling properties of the interacting non-linear σ-models. so that Eq. (71) can be written, with the explicit space dependence, as Q(R) = Q sp e W0(R)ρ0+W3(R)ρ3 . If time reversal invariance is broken
If magnetic impurities are present, then
in the presence of a constant magnetic field. Finally, as already said, if chiral symmetry is broken (µ = 0), we must set W 3 = 0.
For each W 0,3 we can separate the singlet term from the triplet one in the spin space, writing
where α = 0, 3. In addition we rewrite W in τ -components (Nambu space)
The properties of massless modes in the Matsubara frequency space are the following, having imposed the conditions Eqs. (74), (75), (76), (77),
where Σ = S, T (singlet and triplet), j = 0, 1, 2, 3 denotes the (Nambu) τ -components, λ n = sign(ω n ), where ω n are the Matsubara frequencies, a and b are replica indices, while, from Eq. (76), n and m are the indeces of odd Matsubara frequencies with opposite sign for W 0 and, from Eq. (77), with same sign for W 3 . We denote by (±) Σ,j the signs related to the real or the immaginary matrix elements of W 0 and [±] the signs for the symmetric or antisymmetric matrix elements, listed here
The Gaussian propagators, then, read
The factor z is the frequency renormalization and D = σ/(2ν) the diffusion coefficient. Let us introduce slow and fast modes in the spirit of Wilson Polyakov procedure,
with Q sp n m = λ n δ nm . U s contains only slow momentum fluctuations and
where Λ acts as an energy cutoff and s > 1 is the rescaling factor. The massless fast modes satisfy by definition W f nm (k) = 0 if {Dk 2 , |ω n |, |ω m |} < Λ/s.
Now let us expand the action, Eqs. (8), (9) 
where the first two terms are the standard non-interacting contributions. Notice that expanding S
